where c 2 ; c 3 are generic constants and R(P ) is the Ricci scalar curvature at P . In particular c 3 > 0. Applications of this expansion will be given.
where c 1 > 0 is a generic constant, P is the unique local maximum point of u and H(P ) is the boundary mean curvature function. In this paper, we obtain the following higher order expansion of J u ] : where c 2 ; c 3 are generic constants and R(P ) is the Ricci scalar curvature at P . In particular c 3 > 0. Applications of this expansion will be given.
L'expansion de l' energie de les solutions de les probl emes de la perturbation singuliere R esum e. Nous In the pioneering papers 14], 15] and 16], Lin, Ni and Takagi established the existence of leastenergy solutions and showed that for su ciently small the least-energy solution has only one local maximum point P with P 2 @ . Moreover, H(P ) ! max P 2@ H(P ) as ! 0, where H(P ) is the mean curvature of @ at P . Since then many works have been devoted to nding solutions with multiple spikes for the Neumann problem as well as the Dirichlet problem. Takagi 16] concluded that the least energy solution must concentrate at a maximum point of the mean curvature function. However, if H(P ) has more than one maximum point on @ , the asymptotic expansion (1.2) has to be re ned to prove such a statement and the next order term in (1.2) becomes important. This is exactly the purpose of this paper. We now state the main theorem of this paper. First, we introduce boundary deformations. Let 2. Two Important Lemmas. In this section we present two main lemmas needed to prove Theorem 1. We begin with the following on good approximate functions.
Lemma 3. For each P 2 @ , there exists a smooth functionw ;P such that 2 w ;P ?w ;P + f (w ;P ) = O( 1+ ); The proof of Lemma 3 is technical and we refer to Section 2 and Section 3 of 22]. Our next lemma is about the expansion of u which is a single boundary spike solution of (1.1). Let P be its local maximum point. The key observation is that by usingw ;P as our approximating function, we just need to expand u up to O( ) for some > 1. In fact, we do not even need to know the exact asymptotic expansion in O( ). We now choose = 1 + 2 . Thus we get Without loss of generality, we may assume that x is a maximum point of . We proceed by proo ng two claims. Multiplying (2.5) by , integrating over and using (2.3), we obtain (2.4).
3. Proofs of Theorem 1 and Corollary 2.
We prove Theorem 1 by using Lemma 3 and Lemma 4.
Proof of Theorem 1: Since bothw ;P and satisfy the Neumann boundary condition, we get 
